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Global stability of condensation in the continuum limit for
Frohlich’s pumped phonon system
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Received 15 May 1987, in final form 7 July 1987

Abstract. For a continuum version of Frohlich’s pumped phonon system we show that (i)
there exists a critical value of the pumping above which the stationary state displays
condensation; (ii) the stationary state is globally stable WRT perturbations; and (iii) the
relaxation times for the condendsate diverge at the onset of condensation.

1. Introduction

In 1968 Frohlich proposed a model of coherent excitations in biological systems [1].
The model comprises a finite number of polarisation waves immersed in a heat bath,
but maintained away from equilibrium by external pumping. Frohlich described this
by means of a non-linear kinetic equation for the occupation numbers (equation (1.1)
below) and argued that for sufficiently strong pumping the stationary state undergoes
Bose condensation into the mode of lowest frequency.

In this paper we examine a continuum analogue of Frohlich’s equation, i.e. we
consider infinitely many modes. Our principal results are that (i) there is a critical
value of the pumping, above which the stationary distribution displays condensation
(in the sense that it has a Dirac measure at the lowest energy); (ii) the stationary
distribution is globally stable with respect to pertubations (so that it is the terminal
state of the evolution for all initial conditions). This result is achieved by construction
of a Lyapounov functional for the evolution. Finally, (iii) for the linearised evolution
about the stationary state, relaxation times diverge as the pumping approaches its
critical value from below.

1.1. Frohlich’s model

We briefly review the original formulation of the model. Let there be V modes with
frequencies w;: 0<w, < w,=<...=<w, Denote by n, the occupation number of the
kth mode. The system heat-bath interaction is assumed to lead to spontaneous emission
and absorbtion of phonons (with transition probabilities & ) and two-phonon exchanges
(with probability x;./ V). Detailed balance at heat-bath temperature T is assumed for
these processes. Energy is pumped into the kth mode at a rate s,. In units for which
h = kg T these assumptions give rise to the following kinetic equation for the n,:

dn/dt=s,— &[ne e —(1+n)]— z Xi[ne(1+n;) e“s —ni {1+ n,) e™]. (1.1)

J=1
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626 N G Duffield

Assuming the transition probabilities to be uniform (i.e. s, =s, & =€ and xu = x),
Frohlich found a self-consistent expression for the stationary distribution of (1.1)
which we denote by m,:

1

mk=[1+(§/X)(l_e_“)]W

(1.2)
where u is the ‘effective chemical potential’, determined from (1.1) by the requirement
that Zk mk =0

§+s=éé‘l m,(e“x—1), (1.3)

(That such a unique value of u exists follows from the fact that for all k the function
w+—> m, defined by (1.2) is increasing.) Define the density p = V™' £, m,. From (1.3)
we have that K,p< ¢+s= K,p for some 0< K, <K,<0, so that p must increase
indefinitely with s. From (1.2), this is only possible if u approaches w, from below.

This is the essence of Frohlich’s model. Loosely speaking, as the pumping s
increases, most of the supplied energy is channelled into the lowest energy mode, while
all other modes become saturated. This behaviour is a true non-equilibrium effect (if
s=0, the stationary distribution is Planckian), which depends on the collective
behaviour of the phonon modes (if y =0 all the modes are occupied to roughly the
same degree).

1.2. The continuum model

The experience from equilibrium statistical mechanics is that phase transitions become
clear-cut only at infinite volume [2]. Thus we seek to generalise (1.1) to treat a continuum
of mode frequencies. Specifically, let X be a closed and bounded interval of the
positive real line. X is the set of frequencies of the continuum of modes. The sum
over finitely many modes in (1.1) is replaced by integation against a measure v(dx).
dv/dx is to be understood as a density of states. (We will relate v to the dispersion
relation for a class of Debye type models.)

We propose the following analogue of (1.1). The vector of occupation numbers
n,(t) goes over to a one-parameter family of measures {¢,},c.g on X. Let f be an
arbitrary continuous function on X. Then we have

%L e, (dx)f(x)

= J V(dX)S(X)f(x)—J Lo (dx) e™¢(x)f(x) = (@, (dx) + v(dx))€(x)f(x)]

X

—I L @:(dx)(@,(dy) +v(dy))[ex(x, ) f(x) - f(y))] (1.4)

where s(x), £(x) and x(x, y) are the continuum analogues of the discrete coupling
functions. Thus differentiability of ¢, is understood in the weak-* sense.

Remark. Elsewhere [3], we show how (1.4) can be derived from a family of quantum
dynamical semigroups [4] (one for each volume V) associated with (1.1). The corre-
sponding hierarchy of reduced density matrices has the property that it decorrelates
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in the thermodynamic limit: each order of the hierarchy can be written as a product
of solutions of (1.4).

1.3. Condensation

Henceforth we will confine our attention to a subset of all possible values of the
coupling functions s, £ and x (see (2.2)). In §2 we will see that for appropriate
measures v the mean pumping s has a critical value s. above which the stationary
solution of (1.4) has a Dirac measure at the lowest energy in X. Thus we can
speak of generalised non-equilibrium Bose condensation, and the condensate density
(=max{0, (s —s.)}) acts as an order parameter for the order-disorder transition. The
most important property of the infinite volume model is that a finite fraction of the
total density is found at the lowest energy whenever s>s.. In the finite models we
can only say that since n; can be made as large as desired.

Now, condensation as applied to Bose gases is usually understood from equilibrium
statistical mechanics. For example, one constructs the grand canonical ensemble for
the free gas confined to an increasing family of boxes and demonstrates the existence
of a critical density [5]. However, the free Bose gas has also been treated dynamically:
in [6] a non-linear kinetic equation for the gas coupled to a heat bath is found. The
stationary state has a Dirac measure at zero energy. Thus condensation is not a solely
equilibrium notion.

1.4. Dynamics and global stability

In § 3 we examine the dynamics generated by (1.4) in the space of measures on X and
settle some technical questions concerning the existence of a bona fide solution. In
§ 4 we proceed to the main result of the paper, namely that the stationary state is
globally stable with respect to perturbations. This is achieved by construction of a
Lyapounov function for the evolution, i.e. a continuous function bounded below which
decreases along trajectories. The main task here is to find a suitable monotonic function.
To prove continuity, we adapt some results from [6-9].

We mention here two previous pieces of work on stability. Firstly, in {10], local
stability of Frohlich’s original equation (1.1) was investigated via a series expansion
in s™. To leading order only the eigenvalues of the linearised evolution about the
stationary state were found to be negative. Subsequently, in [11], the present author
proved global stability for a restricted class of equations of the form (1.1) by construction
of a Lyapounov function. The present paper may be seen as an extension of the results
in [11] to the measure theoretic case.

1.5. Linearised evolution

Finally, in § 5, we investigate the spectrum of the linearised evolution about the
stationary state. Our result is that relaxation times diverge as s approaches s. from
below. This is to be expected in the light of Haken’s general framework for order
parameters far from equilibrium [12]. The divergence of relaxation times corresponds
to the fact that the disordered phase (i.e. that with zero stationary condensate density)
becomes unstable as we approach the phase transition. This behaviour does not appear
to be accessible from existing calculations on finite-volume models.
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2. The stationary distribution: condensation

2.1. The models

We consider a class of Debye models with dispersion. We work in d dimensions. Let
K =0, k]: k <o contain the norms of the momenta of all modes under consideration.
Let X =[x, x}: 0<x<X<o0 contain all the energies. Then we assume a function
o : K - X (the dispersion relation) with the following properties:

(a) w(K)=X;

(b) w is strictly monotonic increasing;

(c) in some open interval N of K containing 0, then w(k) = w(0)+ k*n(k) with
k >1 and n continuously differentiable on N with n(0)>0.

Note that (a) and (b) together imply that «(0) = x and w(k) =% We are now able
to define the measure » on X, against which integration replaces the sum of the finite
model: let fe C(X). Then define the linear functional » on C(X) by

d (*
VU)ZFJ. dkk?7'(fo @) (k). (2.1)

Note that v is normalised so that »(1) =1 (define 1(x) =1 on X). Clearly » is positive
and hence continuous, so by the Riesz representation theorem [13] it defines a Baire
measure (with a unique regular Borel extension which we also denote by v) on the
compact set X.

2.2. Existence of condensation

Hereafter we restrict ourselves to the following choice of coupling functions s, ¢
and y:

x(x,y)=yexp[—(x+y)] &x)=(e"-1)7" s(x)=s—£&(x) (2.2)

where y>0 and s>(e*—1)"". y and s are now the parameters of the theory. For
clarity we write out (1.4) with the parameters (2.2):

d
a4 jx e (dx)f(x)

=J (Qe,)(dx)f(x)
=5 J v(dx)f(x)—j @, (dx)f(x)

-y -L J‘x e (dx) (e (dy)+v(dy)e(y X f(x)—f(¥)) (2.3)

where e(x) is the function exp(—x) on X. Then we have the following form for the
stationary measure of (2.3).

Proposition 1. Let y e (—oc, x], and let m, denote the function

1+ vye(x)

B ve(u)— ye(x) (2.4)
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on X. Then for dimension d > «, the critical pumping s.= v(m,) is finite and the
stationary measure for (2.3) at pumping s is

@'( )=(5=5)"8, )+v(m,) (2.5)
where (p)* =3(p+|pl), 8, is the Dirac measure at x and u is the unique solution of
s—(s—s) =v(m,). (2.6)

Proof. First we consider the finiteness of s.. For all p e{—20, x], m, is bounded and
continuous on [x+ ¢, ¥] for any £ >0, and hence integrable against » there. So to
demonstrate that s, is finite, we need only show that m,(x) is integrable in some
neighbourhood of X containing x. By assumption (c¢) above, we can take the Taylor
expansion of w in the neighbourhood N:

w(k)~w(0)=k"(n(0)+ kn'(k)) (2.7)
for ke N and some ke [0, k]. Now pick some non-zero A in N. Then forall k[0, A]
O0<sw(k)—o(0)<s Ck" (2.8a)
where
C,=n(0)+A max{O, sup n’(k)}. (2.8b)
kef0.A)

Combining (2.8) and (2.1) we see that

w(A) A 1+
< d-1 Y
J ”(d")'"-‘(")\L Bk e —e( G

The rHs of (2.9) is integrable whenever d > k. A similar estimate shows that the
converse is true: the LHs is never integrable when d < «.

Next consider the form of the stationary measure. For 4 > «, the statement that
{2.6) has a unique solution u for s <s. follows from the fact that m,(x) is a strictly
increasing function of u, continuous uniformly for x: hence the function u— v(m,)
is also continuous and strictly increasing.

All that remains is to verify the form (2.5). We rewrite (2.3) as

(Qe* XN =7’ R’ +))(1Ref) —(f®e))+sv(f)—¢'(f) (2.10)
for all fin C(X). Inverting (2.4) we find that

(2.9)

ve(x)=(1+vye(u))M,(x)—1 with M, (x)=m, (x)/(1+m,(x)) (2.11)

and so

(Qe")(f)=(1+ye(u))e’ (D@’ + )M f)— (' +v)(M, ) (N]+ (s — ¢ (1)) 2(f).
(2.12)

Now by (2.5) we see that
(@ +v) M, )=(s—5)"8(M, )+ v(m,-) (2.13)
and so
(Qe*)(f) = (1+ ye(u)((s = s) "+ v(m))((s = 5) " M, (x)f (x) + v(m, [))
—((s=5)"f(x) + v(m, HN(s = 5) "M, (x) + v(m,))]
+(s—¢ (1) v(f). (2.14)
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Equations (2.5) and (2.6) together imply that ¢*(1) = s. By multiplying out (2.14) one
finds that the only possible non-zero term in {Qe¢’)(f) is

1+ ye(u)) (s =) (1= M, (x)(v(m, f)—v(m,)f(x)). (2.15)
But, since when s is finite

(s—s)" =20 u=xolim M, (x)=1 (2.16)

x->x

we have that (s —s.)" (1 — M, (x)) =0 for all s, and hence that (Q¢*)(f) =0.

Remarks. (1) ¢(1)=s: the pumping fixes the stationary density. (2) If y =0 then the
stationary measure is ¢°(f) = sv(f) for all s, so condensation will never occur.

3. Dynamics

We look for time-dependent solutions of (2.3). Bearing in mind the form of the
stationary measure (2.5), we will restrict our attention to measures of the form

@1('):V(nt')+a'15g(') ' 3.1)

where n,e L'(X,dv)" and o, € R, so that the time-dependent measure is the sum of
a condensate term, and a measure absolutely continuous with respect to v.

We consider the Banach space 3 = L'(X, dv)@® R with norm |n@ o = |n| . +]a|.
Inserting (3.1) into (2.3) yields the system

n(x)=s5~n/(x)+yo[(e(x)—e(x))n(x)+e(x)]

+y J v(dy)[n () +n,(x))e(x)—n(x)(1+n(y))e(y)] (3.2a)

g, =—0, J' v(dx){1+ y[(e(x)—e(x))n,(x)+e(x)]}. (3.2b)
X
We must show that (3.2) generates a bona fide global solution in B,

Lemma 2. For each initial condition n,® o, in B, (3.2) generates a local solution
{n,®0o,}o<,<. where 7 depends only on ||n,@ ol

Proof. This follows from the fact that in any norm ball B of & the derivative (3.2) is
bounded and uniformly continuous wrT the | - | topology on @. The integral equation
associated with (3.2) yields a contraction mapping in 4([0, 7], B) for sufficiently small
7 in the usual manner. The unique fixed point of this map is the local solution [14].

We note that for this local solution, the density p, = o, +_[X v(dx)n,(x) obeys the closed
equation

Pr=8=p; (3.3)

and hence relaxes to its stationary value s. In particular, we have the bound p, <
max{sa pO}
The local value of o, has the following property.
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Lemma 3.
go=0=>0,=0 te[0, 7] (3.4a)
0> 0=>0,>0 tef0, 7. (3.4b)

Proof. From (3.2)

d

a ol =-20] J‘ v(dx){1+y[(e(x) —e(x))n(x) +e(x)]} (3.5)
X

so since ||n,@ o, || is bounded in [0, 7]
d
—aszsa o’<o’K, (3.6)

for some positive K; and K,. Hence, by Gronwall’s lemma [14]
grexp(—Kyt) < ol< ofexp(K,t) (3.7
whence (3.4).

Lemma 4. The local solution preserves the positivity of initial conditions.

Proof. We split up the derivative (3.2a) into a linear and a non-linear part: n, =Ln, + Nn,
where

(Ln)(x)=~-(1+vac)n(x) -y J v(dy)[n(x)e(y)—n{y)e(x)] (3.8a)

X

(Nn,)(x)=s+yc(a—p,)n(x)+yo[(c+e(x)—e(x))n(x)+e(x)]
+7J v(dy)n (x)n(y)(c+e(x)—e(y)) (3.8b)

where a =2 max{p,, s} and c is any real number such that ¢+ e(x)—e(y)>0 for all
x,y€ X, and p, is the solution of (3.3} with initial density p,. Thus {n,}, .. is the
solution of the integral equation

t
n,=(0@n),=exp(Lt)ny+ J drexp[L(t—r)]Nn,. (3.9)

4]
The point now is that exp(L¢) and N both preserve orderin L'(X, dv). (This is obvious
for N; we give an explicit form for exp(Lt¢) in (3.14) below.) Thus the iteration sequence

ny(x)=0 n'=0n, ieN (3.10)
is for each t€[0, 7] an increasing sequence in L'(X,d»)". If this sequence is norm
bounded (uniformly in [0, 7]) then the monotone convergence theorem implies the

existence of a limit. Furthermore, since © is continuous, this limit will be the local
solution previously constructed in lemma 2. But this is easy to arrange. Define

P!":= sup <0,+J‘ V(dX)ﬂ;(X)). (3.11)
te[0,7] X
Then a simple estimate of (3.8) and (3.9) yields

) ) ) — —(1+
P pot (u+ 0P+ w( Py LR ya)7] (3.12)
1+ vyac
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where u, v and w are positive constants. Thus we can always choose r small enough
that

Pl'<a=Pli"V<q (3.13)
Since the n} are positive, a serves as a bound for ||n}|| as required.

Proposition 5. There exists a global positive solution to (2.3) for positive initial
conditions.

Proof. The constants a and ¢ can be chosen globally for a given initial condition, and
so we can construct a global solution by joining together local positive solutions
constructed on the intervals [0, 7], [7, 27], etc, via lemmas 2,3 and 4.

Now we give the explicit form of exp(L#):

(exp(Lt)n)(x) =exp[ — (1+ yac)t]

X <n(x) exp(—vytv(e)) +% e(x)[1- exp(—ytu(e))]). (3.14)

This is easily verified by differentiation. exp(Lt) is positive and linear, hence order
preserving. We will need this explicit form in the next section.

4. Global stability

In this section we prove that the stationary solution (2.5) is the terminal state for every
initial condition of the form (3.1).

4.1. Lyapounov function: monotonicity

First, we recall from (3.3) that p, relaxes to its stationary value s. Thus @~ divides
into three regions invariant under the evolution

K'={n®ocecB :p=s} (4.1a)
K'={n®oeB :p=s} (4.1b)
K ={n®oceB*: p=s) (4.1¢)

Note that " =K"UK°U K. In what follows we work at given pumping s with
associated chemical potential u. We now define on the whole of B the functional

A @)= -0 1og(%) +L v(dx)F(n(x); m,(x)) (42)

where F:R*xR* > R™ is given by

1+p
F(p; q)=p10g(p/q)—(l+p)log<m>- (4.3)
We shall see that A° is a Lyapounov functional for the restriction of the evolution to
the invariant set K°. We shall have to build separate extensions A and A~ for the
evolution on K™ and K~.
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Proposition 6. The Lyapounov functional on K° Let ¢=(s—s.)", i.e. the stationary
condensate density. Then we have the following.
(a) For all n®@oeB*>K°

An®o)=A(m, ®F)=0 (4.4)

with equality iff n@ o =m,@d.
(b) For any initial condition ny® oy, in K°

A(n@a,) - A(n;@as) = —J'drl“‘)(n,@a,) (4.5)
for any & € (0, t], the functional I'° defined as
R,(x)
0 ' )= 0y ' ' -M,(x 1 (——)
I(n®0,)=0,(1+ve(n)) J'x v{dx)n,(x)[R,(x)— M, (x)]log M,(x)
1 R.(y)
+3(1+ye(u)) v(dx)v(dy)n(x)n,(y)[R.(y) — R(x)] log R (x)
(4.6)
where
_M.(x) ) _mux)
Ri(x)= N.(x) N'(x)_1+n,(x) M“(x)—l+m“(x)' (4.7)
(c) rP’n®o)=0 Vn@®oe A’

Proof of (a). This follows from the observations that
(i) F(p; q)isconvex in p, and for a given ¢ takes its minimum value, zero, at p = g;
(ii) F(p; q)<p/q so that the integrand in (4.3) is integrable whenever n is; and
(i) —olog M,(x)=0 and & log M,(x)=0since 6=0u=xS>M,(x)=1.

Proof of (b). First, we must show that A°(n,® o,) is differentiable. This is problematic
since F(p; q) is not differentiable wrt p at p=0. However, we can circumvent this
case by means of the following lemma, which can be used to show that the derivative
of A’ exists after an arbitrarily short length of time.

Lemma 7. For all initial conditions ny® o, and all § >0, n,(x) is almost everywhere
[»] bounded away from zero uniformly for all ¢= 4.

Proof. Recall that the iteration sequence (3.10) increases monotonically to its limit,
so that

n,(x) = n;(x) = (exp(Lt) no)(x)
+ J dr(exp(Lr)Nn?_,)(x) almost everywhere [v]. (4.8)
4

But n?=0 for all x, so that

N(n%(x)= s+ yoe(x). (4.9)
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Using the explicit form (3.14) for exp(Lt) and retaining only the first term,
(exp(Lt)1)(x) = exp(—bt) b=1+vy(ac+v(e)). (4.10)

Combining (4.8)-(4.10) and performing the integration over r
n(x)=s[1—-exp(~bt)}/b almost everywhere [v] (4.11)

and hence the almost everywhere lower bound on {n,(x)},.5 is ks = s(1 —exp(—5b8))/b.

Remark. 1t follows from (4.11) that
log M, (%)=<log R(x)=<1/ks+log M, (x) t=6. (4.12)
Proof of (b) (continued). Difterentiability of the condensate term in (4.2) is trivial.

Now, F(p; q) is convex in p and aF(p, q)/ap=1loglp(1+4q)/q(1+p)], so that for
t=86>0and h>0

(nn(x) —n(x)) log Riip(x)
=< F(n.(x); m,(x)) = F(n..,(x); m,(x))
S(n1+h(x)_nl(x)) 103 R,(X). (413)

If we divide through by h, then pointwise, both sides of the inequality converge to
fi,(x) log R,(x) as h > 0. Since n, is L' differentiable and log R,(x) is almost everywhere
bounded (equation (4.12)), we can use the dominated convergence theorem to achieve
the same convergence under integration over X wRrRT v. The same result holds with h
negative, and so

if p(dx)F(ny(x); m, (x)) = —f

d
a ; v(dx) log R,(x) a n.(x). (4.14)

Expressing m, (x) in terms of e{x), the derivatives (3.2) are written

n(x)=(s~p)+o(1+ye(u))n(x)[R(x) - M,(x)]

+(1+ ye(w)) J v(dy)n.(y)n,(x)(R(x)—R,(y))

X

o, ==0o(1+ye(u)) L v(dy)n, (p)[R.(y) — M, (x)] (4.15)

so that

ac‘i;AO(n,@U,) = (pt"‘s) J‘ V(dX) IOg R,(X)

+0,(1+ ye(w)) f v(dx)m(x)(R,(x) = M,,(x)) ‘°g(7\§'((?>)

+(1+7€(M))J V(dX)J’ v(dy)n(y)n(x)(R,(x) = R(y)) log R,(x).
X X

(4.16)

Since p, =5 on K°, the first term in (4.16) vanishes, and the bounds of lemma 7 Jjustify
an exchange of integrals in the last term, yielding (4.6). Finally the integral form (4.5)
follows because, since n, and o, are C' functions of t and R,(x) is bounded, I'(n,® ,)
is a continuous function of ¢
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Proof of (c). By inspection of (4.6), I'° is positive.

We cannot directly extend proposition 6 to cover the whole of #B" since the first term
in (4.16) is of indefinite sign when p # s. However, from the following lemma we can
infer that it converges to zero.

Lemma 8. Let E(n,) = —{x v(dx) log N,(x). Then for all >0, E(n,) is differentiable
WRT time, and

E(n)<(a+bp)—(s+cp)E(n,) (4.17)

where a =1+s5, b= ve(x) and ¢ = ye(%) and hence E(n,) is unformly bounded for all
t=86>0.

Proof. The function p—log[(1+ p)/p]is convex, so by lemma 7, and using an argument
similar to that in proposition 6, the derivative

d 1+n,(x) _ n,(x)
B”rjx ”(d"”°g< () )‘ L ”(d")<n,(x><1+n,<x))>

exists for all 1>0. Using the form (3.2a) for #,(x):

o R
=(n)=s J.X V(dX)(l“"n;(x) n'(x))

#[ va0 i (1 smerty | vanasnonen)

—j v(dx) — ve(x)<U,+J v(dy)n,(y)) (4.18a)
X n,(x) X
and so since fx v(dx)=1,
e 1+ s+ yle(n)(1+ () + oe(x)]
—(nl)—Jx v(dx) Jx V(dy)( 1+n,(x)
_stye(x)(o.tn(y))
() ) (4.18b)

Applying the inequality (1+ n,(x))™"' <1 to the first term of (4.18b) and the logarithmic
inequality —1/n,(x)=<log N,(x) to the second yields (4.17). Since p, is uniformly
bounded and =(n,) is positive, it is a simple matter to use Gronwall’s lemma to show
that

2(n,)<E(ns) exp[—B(t—8)]+ C{1—exp[-B(1—8)]} (4.19)

for t=6>0, B, C finite positive constants depending on the initial condition.

Proposition 6A. The Lyapounov functional on K*. Define on K ' the functional
AT (n®a)=A%(n@®c)+alp—s)+ib(p>—s))+(p—s5)=(n). (4.20)
Then
(a) foralln@oe K", A" (n®o)=A"(m,®F)=0withequalityif n@c=m, D7,
(b) for any initial condition in K*

t

A+(nr@gr)—A+(n5®U'5)= —J‘ dT I“(n,@a-,)
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for any & € (0, t], the functional I'" defined as

F+(nl®01) =F0(nr®(f’)+(pt—'s)((a+bpv)_E(nr)_J’

X

v(dx) log M#(x)> (4.21)
(¢) I'(n®o0,)=0.
Proof of (a). This follows from the positivity of A°(proposition 6), of = and of p —s.

Proof of (b). By proposition 6 and lemma 7, A™ is differentiable for all > 0. Differen-
tiating (4.20) and applying (3.3) and (4.16) (including the first term of the latter) the
stated form results.

Proof of (c¢). Substituting (4.17) into (4.21):

I'(n®o,)=T"n®a)+(p, - s)((s+ cp)=(n,) —J v(dx) log Mﬂ(x)) =0.

Finally, we construct the Lyapounov functional A” on K~ in the following proposition
whose proof, being similar to proposition 6A, we omit.

Proposition 6B. The Lyapounov functional on K~. Define on K~ the functional
A (n@a)=A’(n@a)+(p—s) J' v(dx) log M, (x). (4.22)
X

Then
(a) foralin®@oe K™,A" (n@0o)=A"(m,®F)=0withequalityif n®@o=m, D7,
(b) for any initial condition in K~

t

A (n®@o)—-A"(ns@os) = —J' dr T (n,®o,)

&

for any & € (0, ], the functional I'” defined as
r*(":@o'r)=F°("r®01)+(S—P:)E("r) (4.23)
(c) I"(n,@0,)>0.

4.2. Lyapounov functional: continuity

We now want to relate the monotonicity of A°, A" and A” on K°, K™ and K~ to the
convergence of n,® o, towards m, @ G. In this we will make considerable use of results
obtained in [6] for a dynamical model of the free Bose gas with energy cutoff. The
main point is that on K° (i.e. when p = s) a little manipulation shows that dn,(x)/d¢
in (4.15) has the same relation to the Lyapounov functional (4.2) as does the generator
(96) to the Lyapounov functional (95) in[6]. This correspondence allows us to conclude
immediately that m, @& is the terminal state for initial conditions in K°. In view of
the fact that p, - s, the extension of this result to initial conditions throughout #* is
not surprising. We will state the main result, then proceed via a number of lemmas.
First of all define

D=(0,x—x]<R”
X;=[x+8§x]c X Vée D
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and the functional A on B" by

AT (n®a) n®ceK”
An@o)={ A’ (n@ o) n®ocekK’
AT(n®@o) n®occK".

Theorem 9. (a) If s=s_thenVée D
lim J v(dx)|n(x)—m,(x)|=0.
= X&
(b) If s <s. then (a) holds with X replacing X.

Lemma 10.

lim J v{dx)(m,(x)—n(x))=0. (4.24)
1= JxeX:in(x)=m,(x)
Proof. Let

I,(s,5)1=J' v(dx)(m,(x)—n,(x)) (4.25)
xeXgin (x)=m,(x)(1~€)

so that the inte~gral in (4.24) is just [I,(0,0). Note that I,(0,0)=
I(g, 8)+ 1\V(e, 8)+ I\*(8) where

I(e, 6) =J v(dx)(m, (x)—n,(x)) (4.26a)
xeXsgimy(x}l—g)<n(x)=m,(x)
I?s) =J. v(dx)(m,(x) - n,(x)). (4.26b)
xe X\ Xgin (x)=m,(x)
Now V=0
0<IV(e, 8)=<e J‘ v(dx)m,(x) (4.27a)
X
. 8
0= 1(12)(5)$J v(dx)m, (x) (4.27b)
0
so a glance at (2.9) tells us that
lim lim IV(¢, 8) =1lim I®(8)=0 (4.28)
e=>0 8-0 50

uniformly in t. So it is sufficient to prove that

lim I,(g, 8) =0 Ve, 8. (4.29)

{=>0
Making an estimate very similar to that in [6, lemma 3], we find that C, 5 > 0 such that
I @0,) = C,5(1(¢, 8)+(p,~ s) (¢, 8). (4.30)

Furthermore, it can be shown by applying Gronwall’s lemma to (3.2b) that if (¢, 8) =
d >0, then 38,> 0 such that

I.(3e, 8)=1d Vrelt t+8,] (4.31)
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Now, if (4.29) is not satisfied, then Ve8>0, 3d > 0 and a divergent sequence of times
{t;} such that

1,(s,8)>d.

Choose the {1} such that #,., -, > 8,, and ¢, such that |p, — s|<3d. Then by proposi-
tions 6, 6A and 6B and because '*=T°=0,

{A+8I

A(nlk+8‘®alk+51)_A(nq@UH) = _J' dr ri(nr®0:)
1+s8,

= —J dtI(n,®0,)

k '1+51
<-Y J dtT(n,®o,)

i=1
< —3kC, 5d’5,. (4.32)
But A(n, @ o,) is bounded below by zero, which contradicts (4.32).

Lemma 11. For all 6 € D define
J,(5)1=J v(dx)(n,(x) = m,(x))
X€Xs:n(x)mm,(x)
Then V6,¢, and 1,>0, 37> 15 such that J, <eg,.

Proof. 1t is enough to prove that V8,¢,&,, t,>0, 37> 1, such that

J,(s,5)2=J‘ v(dx)(n.(x)—m,(x))<e,. (4.33)

xeXg:n (x)=m,(x)(1+e)

If o> 0 then by lemma 3 o, > 0 V¢ > 0. Moreover, lemma 10 tells us that Ve, > 03¢, > ¢,
such that Vt>1t,, 1,(0,0) <e,. Now suppose (4.33) is false. Then there would exist
&, 8, d >0 such that J (¢, 8)>d Yt>0. Choosing ¢, small enough, one obtains from
(3.2a) that

d
Vt>t1:aa',2ka, with k>0

and hence that lim, .. o, = c©: a contradiction. If ¢, =0, one can use a similar argument
by considering 13' v(dx)n,(x) for sufficiently small 8, [6].

The previous two lemmas are concerned with the particulars of the evolution. The
following two lemmas concentrate on the continuity of the Lyapounov functional.

Lemma 12. Let {n'®c'}'*" be a sequence in B*. Then either of the following
conditions imply that A°(n'@ ') > A°(m, @ &):
(a) if s=s.then Vée D:
limJ’ v(dx)|n'(x) = m,(x)|=0 (4.34)
= X5

(b) if s < s, then (4.34) holds with § =0.
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Proof. Follows immediately from [6, lemma 4].

Corollary 12A. In lemma 12, let n'@ o' = n, @ o, : the evolutes of some n,® a, for a
divergent sequence of times {r,}. If the conditions (a) or (b) apply, then

Aln, @o,)>A(m, D7) (4.35)
and hence

Aln,@a,)>A(m,Da). (4.36)
Proof. Examination of (4.20) and (4.22) shows that

A*(n@a,)=A(n®a,)+|p, ~s|Gi (n,® o) (4.37)

where for each initial condition n,® oy, G;(n,® o,) is positive and for each §>0
uniformly bounded for t> 8. Since p, > s, (4.35) follows. Finally, since A(n,®g,) is
monotonic in t, we have (4.36).

A converse result can be stated.

Lemma 13. If A(n,®0,)> A(m,®F) as t > o0 then either
(a) if s=s. then Vée D:

limJ v(dx)|n(x)—m,(x)|=0 (4.38)
1= J

or
(b) if s<<s. then (4.38) holds with 6 =0.

Proof. By (4.37) it is sufficient that A°(n,®0,) > A°(m,@®¢). But the proof for this
case follows simply from [6, lemma 5].

Proof of theorem 9. Combining lemmas 10 and 11 we see that the conditions (a) or
(b) of lemma 12 hold (depending on whether s= s, or s<s.) for some sequence of
evolutes n, @ a,. Thus, by application of lemmas 12 and 13, the theorem is proved.

§. Linearised evolution

Global stability established, we can now make a more detailed examination of the
return to stationarity. Again, we adapt from a treatment of stability in the free Bose
gas [6]. We work again in L'(X, dv) and set
nl(x)=hl(x)+m;4(x) 5,=Px_5- (51)
Then retaining terms linear in h, and §,, equation (4.15) is approximated by
V(dy)<h,(y)mu(x)_h,(x)m#(y)>
1+m,(y) 1+m,(x)

d
ar h(x)=~8,+(1+ve(u)) J

X

+(1+ ye(u))m, (x)(1 ~M“(26))(5, -J‘ V(dy)h,(y)) (5.2)
+(1+ ye(u))Fh, (x)(M,(x)— M, (x))
ds,/de=—8,.

We now state the main theorem on linear stability. We treat only the case s <., i.e.

a=0.
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Theorem 14. The solution of (5.2) obeys
g, =0pexp(—ALt) (5.3a)
where A,, the relaxation constant, is

_s(1+ye(u))

5.3b
ST 1+ m(x) (5.3b)
and, furthermore,
[ A ]l < F(ho, o) exp(t sup{1,X,.}) (5.3¢)
with
- X +
;MR ye(w)) 53d)

- 1+m,(x)
and F depends only on the initial conditions.
Proof. First consider relaxation of the condensate. From (5.1), o, = §, —]X v(dy)h,(y).
Combining the equations (5.2) we find that
do,/dt=—0o,(1+ ye(u))s(1—M,(x))

whence (5.3a).
Now consider relaxation of h,. Consider the subspace

Lz{heL‘(X,dv): J

X

V(dx)h(x)=0}

and the operator

R R L
X

1+m,(y) 1+m,(x)
acting in L. It is readily demonstrated that
h(x)= ||kl sgn(h(x)) e L*(X, dv)
is a normalised tangent functional [15] for he L, and that
(h,(U+2X,)h)<0. (5.4)

Hence, by [15, theorem X48], U + A, generates a contraction semigroup on L. Thus,
forall heL,

llexp(Un) | < exp(-A,.t){A]|. (5.5)

Similarly, one can show that U alone generates a contraction semigroup on the whole
of L'(X, dv).
Next, write (5.2) as

d
a—th,(x)= Uh, + 9o, — 186, (5.6a)

with

_(+ye(p))m,(x)

3(x) I+m,(x)

(5.6b)
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Now since §, = §,exp(—t) and o, = o exp(—A,t) we can write

h, =exp(tU)hy+ J’ drexp[(t—r)U](o, exp(—rA, )8 — 8, exp(—r)1). (5.7)
Let
_m,(x)(1+m,(x))
Y= ()]

where ¢ is a normalised eigenfunction of U with eigenvalue 0. Thus (5.7) can be
rewritten as

h,=exp(tU)[ho+(og— 8o} ] —[0o0 exp(_)‘u.t) — 8o exp(—t)]¢
+J’ drexp[(t—r)Ullogexp(—rA, ) (O — A ¢) —exp(—r)8,(1—¢)]. (5.8)
0

Since ho+ (oo~ 8p) ¢, O ~ A, and 1 — ¢ are all in L, then from (5.5) we have the bound

A Sexp(—X“t)||ho+(ao—60)dJ||+a'0 exp(—A,t)+ 8;exp(—t)

exp(—A, 1) —exp(—A,t)
Au —-).‘u

exp(—A,t)—exp(—t
1-1

Since A, <A, we have (5.3¢), unless A, =1, in which case the bound is of the form
Ft exp(—1).

+ 0y “a—d/’\y.”

5, Jj1-yl. (5.9)

s

By examination of (5.3b) and (2.4) we see that the relaxation time for the condensate
blows up as s approaches s. from below (i.e. as u ”x). Thus the disordered phase
becomes unstable at the phase transition.

Acknowledgment

Thanks are due to Dr G L Sewell, who suggested that I investigate Frohlich’s model,
and with whom I had many useful discussions.

References

[1] Fréhlich H 1968 Int. J. Quant. Chem. 2 641
[2] Ruelle D 1969 Statistical Mechanics: Rigorous Results (New York: Benjamin)
[3] Duffield N G 1988 Helv. Phys. Acta to be published
[4] Lindblad G 1976 Commun. Math. Phys. 48 119
[5] Landau L J and Wilde I F 1975 Commun. Math. Phys. 70 43
[6] Buffet E, de Smedt Ph and Pulé J V 1984 Ann. Phys., NY 155 269
[7] Buffet E, de Smedt Ph and Pulé J V 1984 Ann. Inst. H Poincaré 1 413
[8] Arkeryd L 1972 Arch. Ration Mech. Anal. 45 1
[9] Arkeryd L 1972 Arch. Ration. Mech. Anal. 45 17
[10] Milis R E 1983 Phys. Rev. A 28 379
[11] Duffield N G 1985 Phys. Lert. 110A 332
[12] Haken H 1975 Rev. Mod. Phys. 47 67
[13] Reed M and Simon B 1975 Functional Analysis (New York: Academic)
[14] Haraux A 1981 Non-Linear Evolution Equations ( Lecture Notes in Mathematics 841) (Berlin: Springer)
{15] Reed M and Simon B 1975 Fourier Analysis and Self-Adjointness (New York: Academic)



